A Kinetics Formulation for Low-Temperature Plasticity

X.J. Wu and A.S. Krausz

The mechanism of low-temperature plastic deformation is controlied by thermally activated dislocation
movements. An evolutionary constitutive law based on the principles of deformation kinetics is described
in this article. The constitutive law is expressed with a sinh function designed for computational effi-
ciency. It is derived from rigorously defined Kinetics principles. The approximation involved in the sinh
function is defined so that in applications an exact evaluation can be made of the validity limits. The sys-
tem of the constitutive law and the external constraints lead to the operational equations. Applications
are developed for constant strain-rate loading, constant stress-rate loading, stress relaxation, creep, and
ratchetting processes. The analysis provides a unified treatment for low-temperature plastic deforma-

tion.
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1. Introduction

THE mechanism of low-temperature plastic deformation (in
the range of T < 0.3 T,,, where T, is the melting point) is con-
trolled predominantly by the conservative motion of disloca-
tions.l1-19} Krausz and Eyringll!l derived a rigorously
expressed rate theory as the combination of forward and re-
verse activation steps over rate-controlling energy barriers and
the associated kinetics description of thermally activated plas-
tic deformation processes. The physically based deformation
kinetics theory, as one of the two coupled equations of the con-
stitutive laws of time- and temperature-dependent plastic de-
formation, is well established.l'%1 The constitutive law defines
the behavior of the material: It is the description of the internal
constraints. On this, the external constraint, the service condi-
tion of structures and machine elements or test method has to be
imposed. This combination results in the operational equation
that provides the mathematical description of the behavior in
testing or for the design of components.

In testing and often in service of components, the typical ex-
ternal constraints are

Constant strain rate
Constant stress rate
Stress relaxation
Creep

Ratchetting

The constitutive laws derived from deformation kinetics
provide the physically rigorous expression of the behavior un-
der these conditions, as well as under the effect of other exter-
nal constraints, including the description of the effects of
temperature and its variation during tests or in service.
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2. The Rate Equation

In thermally activated dislocation motion, the rate of the
process is defined by the rate of atomic bond breaking steps and
by the changes in the interatomic distances and angles. The rate
of each step is defined by the elementary rate constant:

AGH (W) ) m

k=vexp(— T

where v is the frequency factor; for the present purpose, it is
adequate to consider it as a constant v = 6 x 1012 s71; k is
the Boltzmann constant; T is the absolute temperature; and
AG#* (W) is the apparent activation energy.

The apparent activation energy is defined by:

AGE(W)=AGI T W (T)=AG* V1 [2]

where AG? is the true activation energy, the energy needed to
break atomic bonds and to rearrange the atoms by a specific
mechanism of the process; W = V1 is the mechanical work con-
tributed by the effective shear stress, T, acting on the disloca-
tion; and V is the activation volume. The sign of W(t) and Vt is
defined by the direction of the dislocation movement: It is posi-
tive for forward activation and negative for reverse activation.
Figure 1 illustrates the change in the height of the energy bar-
rier that controls plastic deformation. The effects of the work
on the apparent activation energy of the forward and reverse ac-
tivation is also demonstrated.

Dislocation velocity represents the net rate of thermal acti-
vation over the energy barrier:

v=lke— Lk, (3]

where [ is the activation distance; k is the activation rate, as ex-
pressed by Eq 1, and the subscripts f and r signify forward and
reverse activation, respectively.

Substituting Eq 1 to 3 in the Orowan equation

Y, = bpv [4]
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Fig.1 Schematic of a single energy barrier system.

where \'(p is the plastic strain rate, p is the dislocation density,
and b is the Burger’s vector, the strain rate is

. Va vV
Y, =Arexp (;%j—Ar exp [— k_T] [5]

where

AG} AGH
Ap=Vbliprexp|— T and A, =vblp, exp T

Equation 5 has been widely used for the description of plas-
tic deformation.l!1-17]1t expresses the most general condition
that (1) the dislocation density, p, (2) the activation energy,
AG#, and (3) the activation volume, V, may not be the same in
the forward and in the reverse direction. The rate constants, A¢
and A,, usually vary with stress because the dislocation density
changes during deformation.[!8:19] Dislocation multiplication
can affect significantly the yield drop and the time-delay of
creep in low activation energy materials such as Ge, LiF, ice,
and even in mild steels.l'1.20)In high-strength alloys, the acti-
vation energy is large, and the stress dependence of the expo-
nential function is so large that the effect of the change in the
pre-exponential term can be neglected and A, and A, can be
considered to be independent of the stress. Under various con-
ditions, Eq 5 can be further simplified. In particular, it is well
recognized that in the high-temperature region the energy bar-
rier is symmetrical, and the rate equation reduces to a sinh-type
relation.[14-17]

The empirical relation:(21:22)

?p = A’ sinh” Bt [6]

was proposed a very long time ago and is still used extensively
for the kinetics equation of the constitutive law. In Eq 6, A”, B,
and n are experimental constants. Equation 6 appears to be a
reasonably good description of the behavior exhibited in many
tests; however, being an empirical expression, its validity can-
not be assumed outside the actually tested range. This limits its
application severely. Because the deformation kinetics rate
equation (Eq 5) is physically based and rigorously derived, it
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can be used for extrapolation with confidence and for the physi-
cal description of the parameters of the sinh” relation (Eq 6).
Equating 5 and 6 yields:

,‘Y = A’ sinh” BT =A’ |:eXP (BT) — €xp (_BT)]"
P

2
Va V.
= —L — _rc
Afexp[kT] A,exp[kT) M
, Vi
At high stresses, the reverse term A, exp T and exp (-p1)
are negligible, i.e.:
x Vi
o exp [nPt] = Agexp [kT]

From this, it follows that:
A =274, and n = L. 8
= 2"Apand nf = (8]

Atlow stresses (when Pt << 1), the sinh term in Eq 7 reduces to
a power-law function:

Vet V1
'Rrph — Lo _r
APt -AfexP[kT] A, exp[ kT] 9]

From Eq 9, the exponent is

AV T Vetl AV V1
AT | AL | P exp |- L
diny kT kT kT kT
P_
n= = [10]
dlnt

V.1 Va
£ -
AfexP(kT] A, exp[ kT]

and from Eq 8 and 10, B is defined as:

nkT | AV, (Vi+V,
1+ exp |-
AV kT

Equations 8, 10, and 11 define A", B, and n in terms of rigor-
ously derived physical quantities: The *}p = A’ sinh” Pt relation
is now equivalent to the physically based rate equation (Eq 5)
and describes the plastic strain rate well.

In applications, the integration of Eq 5 or 6 may be incon-
venient when the internal stress, and hence the effective stress,
changes with deformation in low-temperature deformation.
For the economical evaluation of test results and for the design
of components, a constitutive law that incorporates the rigor-
ousness of the deformation kinetics rate equation and the sim-
plicity of the empirical form of the hyperbolic sine model
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expressed with physically defined parameters is of advantage.
To obtain this form, Eq 5, 6,9, 10, and 11 are combined to yield:

. Va Va
Y, =Arexp (—k‘%)— A", exp (— —k'%J ; [12}

Equation 12 is in formal agreement with the rigorously de-
rived equation (Eq 5) at the condition that the work is the same
in forward and reverse activations. In Eq 12, A’, is an activation
parameter that can be determined by expressing the threshold
condition *'yp =(0from Eq 5 and 12:

oo kT A T " A,
h= N, . 1 2 T av A
4 vf+ vV, A 2Vf Af

(13}

From this, it follows that:

R A ./
A =4y AV,

In the high strain rate range, the reverse rate terms are negli-
gible, and Eq 5 and 12 are identical. In the low range, the differ-
ence between the two is

2

, va V1
. Al exp T -A, exp|- T

Y, va) Ve
P Agexp [7('%]— A, exp [— ﬁ]

Ve(t—21,) V1
Apexp [— _L-ki_t]—A' exp [—— —r]

Ay,

kT
Va Va
R _r
AfexP(kT} A,exp( kTJ
Va Vr V=Vt —1,)
foh | __rth f r th
Afexp[ T ] A, exp[ T ]exp[ XT ]

Va Va
) P an
Afexp [kT) A, exp[ kTJ

exp [_ vdt - t,h)]

kT

where A’yp represents the difference between Eq 5 and 12.

Typically for IV, - V(1 <10 b3 (the lower limit for Peierls-
Nabarro mechanism!!!}), T - t,, < 30 MPa (about one third of
Orowan stress, which characterizes the threshold condition!!?)
and T=300K:

(V,-Vpy(t~1,) (V, = Vot 1)
exp (’ AT Jz I- kT
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Fig. 2 Typical strain rate versus stress relation. The solid line
represents Eq 5, with A¢ = 2 x 1073, V¢/kT = 0.073, A, =
2.5x 1073, and V,/kT = 0.01. The dotted line represents Eq 6,
with A’ =9.17 x 1073, = 0.034, and 1 = 2.06. The dashed line
represents Eq 12, with Af= 2X 10_3, A,=3x 10‘3, and V/kT =
0.073. The symbols represent the observed behavior.[2!]

The error reduces to (the condition ¥, = 0 at T = T, has been
used):

V. -Vi(t-= Va th—‘t
r f ( th) Ar exp [_ ;Tthjexp [_ lh)]

a7, kT kT
;Y” Asexp (L;'Tﬁ]— A, exp [— %}
IV, - Vit - 1) exp [_ V(- t,ﬂ
kT kT
i exp (“L (Tk; ) ] —exp [— V,(‘Ck; T}h)]
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which approaches to IV, - VJ/(V, + V) <1as 1 — 1, and dimin-
ishes rapidly with increasing stress. Because in the threshold
region strain rate measurements have a scatter factor of about 4,
Eq 12 is a good approximation of the general equation (Eq 5)
within the specified error range. Figure 2 illustrates the strain
rate defined by Eq 5 and 12 together with the empirical equa-
tion (Eq 6) measured in an Al-Mg alloy.[2!] All curves fall
within the 32 band that envelopes the experimental data.
Letting V=V, =V, both Eq 5 and Eq 12 become:

. Vit-1,) Vit-1,)
Y, =VAsA, [“P [Th)‘ exp (‘ —k_T—hJ]

which can be expressed as a hyperbolic sine function:

. o V(a-1)
Yp = 2A sinh T [14]
where
AG} + AGH
A=VNAA, =bv VIl pep, exp {- —%k—T— ]

During deformation, polycrystalline materials often un-
dergo work hardening. For small strains,[20) the effective stress
can be expressed as:

Tr=T-T=T-HY-1y (151

where 7, is the internal stress; T;yis the initial internal stress; and
H is the work-hardening coefficient.

Substituting the effective stress from Eq 15 into Eq 14, the
rate equation is

(t—Hy, - 1)
7 =2A smh——ﬁu?i (16]
where
kT A
10=Ti0+1th=ti0+W1nA_; (17

3. Application—Operational Equations

Define a normalized energy function ® as:
|4
=k—T(t—HY,,—to) [18]

By definition, @ is the effective activation work normalized
with thermal energy content k7. Because the activation pa-
rameters (Az A,, V, and 1) and the work-hardening coefficient,
H,are mlcrostructural quantities, the function ® depends on the
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stress 7

LI

time t

Fig.3 Triangular wave loading profile; ¢g is the stress rising
time.

current stress, the accumulated plastic strain, and the tempera-
ture. The evolution of function @ controls the deformation re-
sponse. For an isothermal process, the small-strain
deformation is governed by:

LT

V=4, [19]

?p =2A sinh ® [20]
v . .

=E(T—H7p) [21]

Y="e+Yp, Wherey, = 1/u (U is the shear modulus) is the elastic
strain, and ), is the plastic strain. The shear strain, y, can be con-
verted to the normal strain, &, with the relation{101g = Y3, and
the shear stress T can be converted to the normal stress ¢
with!10lg =+37.

By imposing the loading constraint, the evolutionary equa-
tion (Eq 20) and Eq 21 can be solved to yield the operational
equation that describes stress-strain, stress-time, and strain-
time response.

3.1. Constant Strain-Rate Loading
At constant strain rate, Eq 19 yields:

T=R (-7,
Substituting this and the rate equation (Eq 20) into Eq 21:

o[ (1 H\ Ao [22]
kT kY

Equation 22 can be integrated to:

u—a l-a [ Vu?l\l1+x2)
— % exp |- X

(23]

xu+b=x+b kT

where
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Fig. 4 Stress-strain response in type 304 stainless steel.[23] The solid lines represent the test behavior. The dashed lines represent Eq 24,
with 7o = 55.32 MPa, H = 718.33 MPa, V/kT = 0.43 MPa~!, and x = 2 x 10~ 13e.

2 H Vi+y2 -1 Vi+y2+1
x=—il+—|,a= » ,b= 2
H

and
u=exp-o®
After a short elastic-plastic transient, ® reaches a steady value of

Ni+y2 -1
X

v
®, == (t- HY, =) =In [24]

Equation 24 describes the stress-strain response in the range of
plastic deformation. By back-extrapolation, the yield stress can
be obtained at Y, =0 as:

gln\l1+x2—1

v " (25}

Ty=10

For more complicated yielding behavior, e.g., for yield drop
phenomena, a dislocation multiplication model has to be incor-
porated into the kinetics description.!11-19-20] In that case, the
differential equation (Eq 22) has to be solved numerically.

3.2. Stress Relaxation

In stress relaxation, the total strain is held at a constant value
so that:

j=Z4+4,=0
PR
Equation 21 then reduces to:
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¢=_V(P+H);Y _

WH+H)A |
kT P KT

inh [26]

which can be integrated to the form:

Q) @, 2V (u+H)At
tanh[EJ— tanh [TJ exp [— — [27]

From this, the stress variation in stress relaxation can be ex-
pressed as:

s @, 2V (L + H) At
=T+ tanh |:tanh£2 ]exp( a7 {28}

3.3. Constant Stress-Rate Loading and Ratchetting

Consider a triangular-wave loading profile, as shown in Fig.
3, where ¢, represents the starting time of plastic flow and ¢, the
final time of plastic flow, both satisfying the condition ® = 0.
In the loading period (£, <1< tg):

Vi( 24H
T kT

.V . . )
o= T (- H'yp) z sinh QJ [29]

which can be integrated to

u-p 1-p vivN1+A2 1—1)
— = exp|-————— [30]
Au+qg A+gq kT
where
2AH Vi+A2 -1 VE+A2 +1
A: ‘_t ,p= x ’q= 2
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u =exp —@
In the unloading period (tg <t < tp):

. vV . . 1% 24H .
dJ-—kT(r+H7p)——kT(l+ T smh(b] [31]

which can be integrated to

u+p Ugtp . [_ ViVl +A2 (tR—t)] (32]

q‘M_q‘}"“Rep kT

where up = exp —® (tg) is determined by Eq 30 at £ = #,.

In stress-controlled cycling, materials often exhibit ratchet-
ting behavior in which the plastic strain accumulates progres-
sively. The small amount of plastic strain that is not reversed in
the cycles may lead to unacceptably large accumulated strains.
For this condition, Eq 30 and 32 provide a set of iterative equa-
tions that express the accumulated plastic strain. Although Eq
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Fig. 5 Stress-strain curves for 8660 steel.124] The solid lines
represent the observed behavior. The dashed lines represent Eq
23, with x = 66.97 exp (-2589/T), V/k = 6.5. The elastic modulus
E and work-hardening coefficient H vary with the temperature
as E = 40000 (1 - 0.0008 [T - 300}) and H =963 (1 — 0.00093

[T — 300]). Temperature is in degrees Kelvin.
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30 and 32 are derived for the zero-to-tension loading case, they
are also valid for loading with a positive stress ratio (R =1,
Tmay)» Provided the minimum stress does not exceed 1,

At low temperatures, A is small and then Eq 30 and 32 can be
combined in a differential form (see Appendix A for details):

in /

1000
0 & = 0.00002/s
s & = 0.002/s
vE=02/
A
800 | 0§ =200/
o
©
a
=
eoo |
-
5
400 |
200 ; . " .
0 2000 4000 6000 8000 10000

Tinide/8 X

Fig. 6 Yield stress as a function of strain rate and temperature.
The symbols represent the behavior of a microalloyed steel[16]
and the curve represents Eq 25:

Oy = 359.54 - 0.09427 In N +x2) -1y

where y, = (5.4 x 108/¢) exp (~5800/T).

J/

E 6 —
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o
x
£ 4 ]
» o -0.01 prestrain
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Fig.7 Stress relaxation in 1100 aluminum.[!3]
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d
Sp AT [(I) +In [21:1’1 + exp (—<I>)):|

dN ~ VH
|4
D= T (tmax = HYp, — Tp) (33]
3.4. Creep

In creep, t=0and Eq 21 reduce to:

_VH. _ 2VHA
kT =T kT

b= sinh @ [34]

which can be integrated to:

o4 |
s &5 =74
onrf © % =63

(o = 22.2 ksi)
(o = 21.3 ksi)
(o = 20.5 ksi)
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Fig.8 Comparison of Eq 35 with the creep behavior of type
304 stainless steel tested at room temperature.[23]The creep
strain is given by & = (g — <I>)/‘/3_ V H, where @ is obtained from
Eq 35 with V/kT =0.52 MPa~!, H = 718.33 MPa, and 2V H A/kT
=6.6x 1075,

20

207

138

Stress MPa

g

oo cllc |F W |1

0.00 1.26 2.50 3.76 6.00
Strain %

@ D, 2V H At
tanh(—z—J—tanh [ 3 ]exp [— T } [35]

4. Comparison and Discussion

Plastic deformation is always rate and temperature depend-
ent—it is thermally activated.[23-25] Analyses of experimental
results obtained in tensile tests demonstrate that Eq 23 and 24
represent the behavior over a wide strain rate and temperature
range. Figure 4 represents the behavior of type 304 stainless
steel at three strain rates,[23]and Fig. 5 shows the effect of tem-
perature on the stress-strain relation in 860 steel.[26] The vari-
ation of yield stress with strain rate and temperature is shown in
Fig. 6. Good agreement with the constitutive law is noted.

Table1 Material constants and activation parameters for
type 304 stainless steel

Material constants

m 5766.4 MPa

H 718.33 MPa
VN3 1213% 10 cm®
AN3 5.08x107 s

Table2 Comparison of calculations and measurements

Mechanical quantities Test  Calculation  Test Calculation
IR, S ’ 2 2 210 210

G4, MPa 217 219 209 219
€paTs % 0.561 0.575 1.139 1.286
Ecr P 0.365 0.386 0.018 0.016
e % 1.810 1.834 2.039 2.176
Gg, MPa 257 258.5 256 258

&sc, % 0.702 0.6 0.847 0.733

Note: G4 is the stress at point A; O is the stress at point G; €g ot is the
ratchet strain accumulated from point B to C; £ is the creep strain in DE;
€ is the plastic strain at point G; and €g is the plastic strain produced by
load sequence HI.

Stress MPa

0.00 1.26 2.50 376 6.00
Strain %

Fig. 9 Stress-strain curve for type 304 stainless steel. (a) Experimental.[27] (b) Predicted.

Jouirnal of Materials Engineering and Performance

Volume 3(1) February 1994—175



—-— Experiment
063 |
— Equation (33}
----- Chaboche [28]
000 L L L
0 260 500 760 1000

Number of Cycles

Fig. 10 Rate dependence of ratchet strain under stress cycling.
The symbols represent the test results.[271The solid curves are
descriptions of Eq 33, and the dashed curves are descriptions of
Chaboche’s model.[28]

The behavior in stress relaxation in expressed by Eq 27.
Stress relaxation tests provide a method for the determination
of the internal stress. As shown by Eq 27, 1; is the stress level at
the end of stress relaxation. The stress relaxation of a 1100 alu-
minum alloy was analyzed by Wilson and Garofalol!415]using
a kinetic equation similar to Eq 28 for a symmetrical barrier.
Their results are shown in Fig. 7.

Creep was also analyzed. Equation 35 shows that the initial
value of @ controls the subsequent creep: It depends on the
stress, temperature, and the initial strain. Figure 8 shows the
creep behaviors of type 304 stainless steel at three stress levels.
Very good agreement is found between the theoretical descrip-
tion (Eq 29) and the observed behavior.

The validity of the deformation kinetics model can be fur-
ther verified by a simulated test on type 304 stainless steel in
comparison with the actual experiments of Ruggles and
Krempl.[27] The imposed loading sequence (History ) are
OA—strain-controlled loading to € = 1% with strain rate € =
8.33 x 10~ s~1; AD—stress-controlled cycling (1000 cycles)
with a rise time of 2s; DE—creep for 700 s; FG—strain-
controlled loading to €F + 1% strain; and HI—one cycle of
stress-controlled cycling (2100 s). These processes are de-
scribed by Eq 17, 24, 26, 27, and 29, with material constants
and activation parameters as listed in Table 1. The measured be-
havior is shown in Fig. 9(a), and the calculated stress-strain re-
sponse is shown in Fig. 9(b). The measured and calculated
behavior is also given in Table 2. Excellent agreement was
found between the theoretical description and the experiment.

In stress-controlled cycling, materials often exhibit signifi-
cantly rate-dependent ratchetting behavior.[2”] The classical
treatment applies either time-independent plasticity or plastic-
ity.[28] Equation 33 provides a theoretical description devel-
oped from deformation kinetics theory; it expresses the strain
increment per cycle (dY/dN) explicitly in terms of stress, tem-
perature, and loading rate. Figure 10 shows the comparisons of
Eq 33 with the observed behavior and a power-law model.[2811t
is obvious that deformation kinetics theory provides a good de-
scription of ratchetting.
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5. Conclusions

It has been shown that low-temperature plastic deformation
can be represented by kinetics combination of forward and re-
verse activations (Eq 5). From Eq 5, the empirical sinh” equa-
tion (Eq 6) is derived in physically rigorous terms. The
hyperbolic sine expression (Eq 14) is equivalent to the general
rate equation (Eq 5) under the condition that the activation
work is equal in forward and reverse directions.

An energy function

|4
=E(T—Hyp—‘to)

was introduced. Plastic deformation processes are shown to be
governed by the evolution of this energy expression and the
strain-rate equation (Eq 20) coupled with the evolutionary
equation (Eq 21). Because the apparent activation energy
AG*(W) is related to the function @ through the relationship

AGHW) = AG* — W = AG* — kT®

this energy approach is uniquely defined by the principles of
statistical thermodynamics. The differential equations (Eq 20
and 21) represent the plastic flow and the energy condition; the
operational equations describe the deformation response to the
imposed loading constraints.
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